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A one-dimensional constitutive model, developed for the nonlinear ground response analysis of layered

soil deposits, is calibrated and validated experimentally in this paper. The small number of parameters

renders the model easily implementable, yet quite flexible in effectively reproducing almost any type of

experimentally observed hysteretic soil behavior. In particular, the model generates realistic shear

modulus and damping curves as functions of shear strain, as well as stress–strain hysteresis loops. The

model is calibrated against three sets of widely-used published shear modulus and damping (G : g and

x : g) curves and a library of parameter values is assembled to facilitate its use. The model, along with a

developed explicit finite-difference code, NL-DYAS, for analyzing the wave propagation in layered

hysteretic soil deposits, is tested against established constitutive models and numerical tools such as

Cyclic1D [12] and SHAKE [42], and validated against experimental data from two centrifuge tests.

Emphasis is given on the proper assessment of the Vs profile in the centrifuge tests, on the role of soil

nonlinearity, and on comparisons of two inelastic codes (NL-DYAS and Cyclic1D) with equivalent linear

(SHAKE) analysis.

& 2012 Elsevier Ltd. All rights reserved.
1. Introduction

The paper addresses the problem of dynamic nonlinear ana-
lysis of the response of horizontally-layered soil deposits to
seismic excitation. The latter is assumed to be the result of
exclusively vertically-polarized S waves, and hence the analysis
is reduced to 1-D wave propagation. Whereas in current world-
wide state of practice the so-called equivalent-linear approxima-
tion [40,27] and the associated code ‘SHAKE’ [42] still dominate
[46,4,3,47], numerous truly-nonlinear inelastic algorithms have
been developed and publicized. They utilize numerous constitu-
tive relations, ranging from purely empirical [24,33,19,31,36] to
elaborate relations based on plasticity theory [5,35,6,34,30]. As
has been pointed out by Steward et al. [45], whereas numerous
studies have explored the sensitivity of the ground response to
the equivalent-linear soil parameters [Gmax, G : g, x : g] [41,28,29],
the published information for the role of inelastic soil parameters
is scarce.

In an earlier publication, Gerolymos and Gazetas [15] pre-
sented a 1-D phenomenological stress–strain model, ‘BWGG’, an
extension of the Bouc–Wen constitutive law, which is quite
versatile, capable of reproducing even some of the most complex
ll rights reserved.

).
nonlinear characteristics of cyclic behavior, including cyclic
mobility and liquefaction.

In this paper, the ‘BWGG’ is reformulated and calibrated
against published experimental soil data. To this end, a compre-
hensive methodology for the calibration of the model parameters
is developed, so that the constitutive stress–strain loops are
consistent with almost any pair of shear modulus and damping
curves of the literature, while at the same time the corresponding
experimentally observed hysteretic soil behavior is realistically
reproduced.

Thereafter, the finite-difference wave-propagation code
NL-DYAS, into which the model was implemented, is validated
through a number of case studies. Its results are compared against
those of the equivalent-linear code SHAKE [42] and the inelastic
code Cyclic1D [12,13]. Finally, the three codes are utilized in a
class C prediction (i.e., knowing the results a-priori) of two
centrifuge experiments [43]. Considerable insight is gained from
these comparisons, and the need for reliable measurement of soil
stiffness in the centrifuge (during-flight) is elucidated.
2. Brief model description

One-dimensional nonlinear constitutive models for soils are,
mostly, of an empirical nature. They are not derived from funda-
mental physical laws, but they are meant to reproduce within
engineering accuracy a relevant set of experimental stress–strain
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relationships [20,37]. They are phenomenological models. For cyclic
loading, involving unloading and reloading cycles, most available
models are based on the Masing hypothesis (‘‘criterion’’). Many such
models do not fit the experimental G : g and x : g curves
simultaneously — often overestimating the hysteretic damping at
large strains. In addition, in many cases they model rather crudely
the shape of experimental stress–strain loops.

To avoid some of these drawbacks Gerolymos and Gazetas [15]
adopted the model developed by Bouc [7] and Wen [51]. This model
consists of a first order nonlinear differential expression that relates
input (strain or displacement) to output (stress or force). The
2
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curves for the different values of s1 (top left chart).
parameters that appear in the differential expression can be tuned
to match either the hysteretic loops or a few simpler characteristics
of relevant soil experiments. The model is quite versatile in
reproducing a wide range of nonlinear material response to static
and cyclic loading, including stiffness and strength degradation
during cyclic loading [15–17]. Gerolymos and Gazetas [15] extended
the original model to simulate a few fairly complex characteristics of
cyclic soil behavior, and implemented the model into a nonlinear 1D
wave-propagation algorithm, NL-DYAS.

It is stressed here, that one of the main advantages of the
aforementioned wave-propagation algorithm against its numerous
α= 0.2501=n
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alternatives available in the literature hinges on its ‘smooth’
representation through a simple first order differential equation.
Thus, it is suitable for nonlinear inverse problems (a major topic in
geotechnical earthquake engineering) as it greatly reduces the
usually high computational cost due to the associated sophisticated
optimization procedures. For example, it would be ideal for being
used in conjunction with an unscented Kalman filter [26], for which
representation of the studied system through a set of first-order
differential equations is a prerequisite.

The present paper, aims at introducing one new simple
empirical improvement and then focus to: (i) on tuning the model
parameters to match typical shear modulus and damping char-
acteristics of clays and sands; (ii) on comparing the results of the
calibrated NL-DYAS code (with the tuned soil model) against
established nonlinear (Cyclic1D) and equivalent-linear (SHAKE)
codes; and (iii) on testing the three models/codes against the
results of centrifuge experiments.

It is pointed out that, as explained in a recent mathematically-
oriented comprehensive monograph on the Bouc–Wen model by
Ikhouane and Rodellar [21], there is no rigorous proof of conver-
gence — just abundant justification based on numerical simulations.
This, incidentally, is the case with most other nonlinear models,
including the equivalent linear model (used in SHAKE).

Details of the model have been presented in Gerolymos and
Gazetas [15], and only a brief outline is given here. For the 1-D
wave propagation problem the imposed mode of deformation is
simple shear. The relationship of shear stress t(t) versus shear
strain g(t) and shear-strain increment _gðtÞ ¼ dg=dt is given with
Table 1
Values of calibrated model parameters according to Ishibashi and Zhang [23]

curves.

PI r00 cy
�1 b n s1 s2

0 10 3500 0.60 0.40 2.20 0.10

0 50 1400 0.60 0.40 2.20 0.10

0 100 900 0.60 0.40 2.10 0.20

0 200 500 0.60 0.40 2.10 0.20

0 400 300 0.60 0.45 2.10 0.20

0 1000 200 0.60 0.70 2.00 0.20

15 10 1400 0.60 0.50 1.30 0.10

15 50 800 0.60 0.50 1.30 0.10

15 100 600 0.60 0.60 1.30 0.10

15 200 500 0.60 0.60 1.30 0.10

15 400 400 0.60 0.65 1.30 0.10

15 1000 300 0.60 0.75 1.30 0.10

30 10 600 0.60 0.80 1.00 0.00

30 50 500 0.60 0.80 1.00 0.00

30 100 400 0.60 0.80 1.00 0.00

30 200 400 0.60 1.00 1.10 0.00

30 400 400 0.60 1.20 1.20 0.00

30 1000 400 0.60 1.20 1.20 0.00

50 10 400 0.60 1.20 0.90 0.00

50 50 350 0.60 1.20 0.90 0.00

50 100 350 0.60 1.20 0.90 0.00

50 200 320 0.60 1.20 0.90 0.00

50 400 320 0.60 1.20 0.90 0.00

50 1000 280 0.60 1.20 0.90 0.00

100 10 160 0.60 1.20 0.80 0.00

100 50 160 0.60 1.20 0.80 0.00

100 100 150 0.60 1.20 0.80 0.00

100 200 150 0.60 1.20 0.80 0.00

100 400 150 0.60 1.20 0.80 0.00

100 1000 150 0.60 1.20 0.80 0.00

200 10 70 0.60 1.20 0.80 0.00

200 50 70 0.60 1.20 0.80 0.00

200 100 70 0.60 1.20 0.80 0.00

200 200 70 0.60 1.20 0.80 0.00

200 400 70 0.60 1.20 0.80 0.00

200 1000 70 0.60 1.20 0.80 0.00
the following two equations:

tðtÞ ¼ aGmaxgðtÞþð1�aÞtyzðtÞ ð1Þ

dz
dt
¼ W 1�9z9n

bþg sign
dg
dt

z
� �� �� �

dg
dt

ð2Þ

The first term on the right-hand side of Eq. (1) is linear with an
effective modulus (aGmax) equal to the plastic stiffness, while the
second term is the hysteretic component. The ‘‘hysteretic para-
meter’’ z is a dimensionless restoring stress that governs the non-
linear response in the time domain. Gmax¼the small-strain (elastic)
shear modulus, ty and gy¼the stress and strain at ‘‘initiation’’ of
yielding (ty¼Gmax gy). Parameters n, b, and g are dimensionless
parameters which control the shape of the stress–strain loop; sign( )
is the signum (7) function. Specifically, as illustrated in Fig. 1:
�
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Parameter a controls the post yielding shear stiffness of the
monotonic response: a40 is for strain-hardening behavior.

�
 Parameter n controls the smoothness of the transition from the

elastic to plastic regime during monotonic loading. For values
of no1 the transition from the one regime to the other is quite
smooth, while for n45 the t–g curve approaches the bilinear
behavior.

�
 Parameters b and g define the unloading/reloading curve.

For b¼1 and g¼0 the behavior is nonlinear but elastic: the
stress–strain ‘‘loop’’ coincides with the (monotonic) back-
bone t–g curve — an unrealistic material behavior. As b tends
to 0 the stiffness upon unloading tends to become twice the
initial (at virgin loading) tangent stiffness — also unrealistic
material behavior. In the special case of b¼g¼0.5 the initial
and the upon-reversal stiffnesses coincide — the Masing
criterion is recovered.

�
 The multiplier W modifies the shape and size of the hysteretic

loops and is given by:

W¼
s1þaðmr�1Þþ s2

s1þmr
, mr 4s2

1; mr os2

(
ð3Þ

where: s1 is a dimensionless parameter that controls the stiffness
degradation upon stress reversal, s2 is a characteristic value of
‘‘strain ductility’’ m(¼g/gy) beyond which the effect of y multiplier
on stiffness degradation is activated, and mr is a reference strain
ductility defined for every unloading or reloading cycle as the
ratio of half the difference in strain g between two previous
reversals over the reference strain gy.

Gerolymos and Gazetas [15] elaborated some extensions of the
Bouc–Wen model to account in a realistically-approximate way
for: soil stiffness and strength degradation with number of cycles,
response under conditions of cyclic mobility; and asymmetric
response with respect to loading direction. These modifications
are not further discussed herein. It is also clearly noticed that in
this paper no pore-water pressure generation is considered. In the
case of potentially liquefiable soil (saturated material under large
strain), the full formulation of the model [15] should be used after
appropriate calibration.
le 2
ues of calibrated model parameters according to Vucetic and Dobry [50] curves.

I cy
�1 b n s1 s2

1900 0.60 0.50 1.20 0.00

5 750 0.60 0.45 0.85 0.00

0 180 0.60 0.30 0.40 0.03

0 70 0.60 0.30 0.30 0.03

00 35 0.60 0.30 0.25 0.03

00 20 0.60 0.30 0.25 0.03



Table 3
Values of calibrated model parameters according to Darendeli [10] curves.

PI r00 cy
�1 b n s1 s2

0 25 2100 0.60 0.50 1.00 0.00

0 100 1400 0.60 0.55 1.00 0.00

0 400 900 0.60 0.60 0.90 0.00

0 1600 600 0.60 0.65 0.90 0.00

15 25 1600 0.60 0.50 1.00 0.00

15 100 1100 0.60 0.60 1.00 0.00

15 400 800 0.60 0.70 1.00 0.00

15 1600 550 0.60 0.80 1.00 0.00

30 25 1250 0.60 0.50 1.00 0.00

30 100 900 0.60 0.60 1.00 0.00

30 400 600 0.60 0.70 1.00 0.00

30 1600 400 0.60 0.80 1.00 0.00
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One of the significant attributes of the (extended) model is its
ability to reproduce the secant modulus reduction (G : g) and the
damping growth (x : g) curves almost independently, as shown in
Fig. 2. Decreasing values of s1 and s2 lead to lower values of
damping ratio for large strain amplitudes. But, while the damping
curves cover a broad range, the corresponding shear modulus
curves fall within a very narrow band. Hence, by a suitable choice
of gy the modulus reduction curve can match the experimental
data; for realistic damping curve the parameters b, s1 and s2 must
be properly calibrated.

However, the hysteretic loops obtained with the model in its
original form deviates from experimentally obtained loops of cyclic
laboratory tests (‘‘reality’’). Upon a stress reversal the obtained
modulus is lower than in reality. Hence, the shape of stress–strain
loop attains sharper edges than it should. To overcome this draw-
back, a very simple intuitive modification is proposed: the modulus
upon reversal from a shear stress 9t09 down/up to a shear stress
0.759t09 is taken equal to the initial tangent modulus Gmax, as shown
in Fig. 3. The resulting t–g loops are compared with the experi-
mentally obtained stress–strain loops for Toyoura sand by Zambelli
et al. [54]. The threshold of 75% was selected after sensitivity
analyses, as a compromise between the need for realistic stiffness
and damping curves at high strain on one hand and for reproduction
of realistic stress–strain loops on the other. It is not a perfect
solution; just a simple ‘‘engineering’’ correction.
50 25 900 0.60 0.45 1.00 0.02

50 100 650 0.60 0.55 1.00 0.02

50 400 400 0.60 0.60 0.90 0.02

50 1600 300 0.60 0.70 0.90 0.02

100 25 550 0.60 0.40 1.00 0.02

100 100 400 0.60 0.50 1.00 0.00

100 400 250 0.60 0.60 0.90 0.00

100 1600 150 0.60 0.60 0.90 0.00
3. Calibration of model parameters

To determine the parameters of the model (Eqs. (1)–(3)), Gmax is
first obtained (e.g., from resonant column tests, crosshole/downhole
tests, etc.); then, the parameters n, b, s1, and s2 must be assessed.
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The calibration is based on matching some established experi-
mental G : g and x : g curves from the literature. To this end, the
Lavenberg�Marquardt optimization procedure is used, available
in mathematical code MATLAB. Three published families of G : g,
x : g curves have been utilized: (a) the Vucetic and Dobry [50]
curves for clays as a function of their plasticity index PI, (b) the
pressure (s00)-dependent curves for sands of Ishibashi and Zhang
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[23], and (c) the Darendeli [10] curves, also functions of PI and s00,
the effective mean normal stress.

Based on the related sensitivity analysis, the useful range of
each parameter is bounded as follows:
�

Vs [m/s]

dense sand
Parameter n should take values between 0 and 5; with greater
values the response approaches the bilinear elastoplastic,
which is unrealistic.
0.25
z [m]
�
5 170 z
30

4

Parameter b should take values between 0.4 and 0.6, so that
stress–strain loops resemble the observed experimental loops.
Values close to 0 or 1 would lead to loops with very sharp
edges — contrary to experimental observations.
3]
�
2
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S
a 

[g
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1

The post-yielding stiffness ratio a should be bounded between
0 and 0.02. It has been observed that greater values affect
significantly the G : g and x : g curves. Hereafter, this strain-
hardening parameter a is considered equal to 0.01, unless
differently stated.

�

0

s1 should take values between 0 and 4; values greater than
4 result in large-strain damping ratio greater than 40% which
is contrary to experiments for most soils.
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Fig. 7. Comparison of acceleration response spectra computed with the three

models. Dense sand; shaking with Kobe JMA 090 record down-scaled to

abase¼0.4 g.
The reference strain gy can take also any value between 10�5

and 10�1.

Starting from the Ishibashi and Zhang [23] curves, six plasti-
city indices (PI¼0, 15, 30, 50, 100, 200) and six mean confinement
pressure levels (s00¼10, 50, 100, 200, 400, 1000 kPa) are exam-
ined. The results of the calibration are illustrated in Fig. 4 and the
identified model parameters are given in Table 1. The agreement
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pressures. Table 1 summarizes the near-optimum values of the
five parameters.

The same calibration procedure is utilized for the curves
compiled by Vucetic and Dobry [50] which are only PI-dependent.
Six pairs of curves are examined (PI¼0, 15, 30, 50, 100, 200). Due
to lack of space the results are not presented graphically, however
the comparison of predicted to published curves is again reason-
able. Table 2 summarizes the near-optimum values of the five
parameters for reproduction of the aforementioned curves.

Darendeli [10] and Darendeli et al. [11] recommended a new
family of normalized shear modulus and material damping curves,
amax [g] umax [cm]
0 0.25 0.5 0.75 1
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as functions of plasticity index and mean effective stress. Five
plasticity indices (PI¼0, 15, 30, 50, 100) and four confining pressures
(s00¼25, 100, 400, 1600 kPa) are examined herein. Typical results of
the calibration are illustrated in Fig. 5. The corresponding values for
each parameter are summarized in Table 3. It is worth noticing in
the 3 tables that the reference strain gy is a increasing function of the
confining pressure and a generally increasing function of the
plasticity index (with few exceptions).

It is noted that the calibration of the model parameters is not
restricted to the suggested G : g and x : g curves matching
procedure. Alternatively, it could be based on the direct
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reproduction of experimental stress–strain loops with due con-
sideration to asymmetric and hardening (or softening) response.
Evidently, the applicability of the model is directly associated to
the applicability of the data available for calibration.

For the seismic response of a layered soil deposit the model is
incorporated into a finite-difference numerical scheme (code
NL-DYAS) simulating the wave propagation through soil (i.e., the
differential equation of wave propagation is integrated numeri-
cally). This code is used herein for the 1-D seismic response
analyses of soil deposits.
0.8 30 100

Cyclic1D0.6
NL-DYAS
SHAKE0.4

S
az

 [g
]

0.2

0
AA

0.8

0.6
]

4. Comparisons against other numerical models

The effectiveness of the proposed model is checked against a
sophisticated elastoplastic model. Elgamal et al. [12,13] and Yang
et al. [52] based on the original multi-surface plasticity framework of
Prevost [38] proposed an improved model for dynamic soil response
analysis — capable of simulating even cyclic mobility and liquefac-
tion. The model is implemented in a finite element code named
Cyclic1D which can execute one-dimensional site amplification and
liquefaction simulations, for level as well as mildly-inclined sites [12].

To compare NL-DYAS with Cyclic1D, the following two soil
deposits are excited at their base and their response is calculated:
S
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Fig. 11. Comparison of acceleration response spectra computed with the three
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These material properties were selected from the Cyclic1D
built-in library of predefined materials.
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columns.

We consider the sand to behave according to the Ishibashi and
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Dobry curves for PI¼30. The corresponding soil parameter values
are selected from Tables 1 and 2, respectively.

To serve as a yardstick, an equivalent linear soil response
analysis was also carried out with the use of code SHAKE — the
current state-of-practice soil amplification code.

4.1. First example: Dense sand deposit

The deposit is excited by the JMA record down-scaled to a peak
acceleration of 0.4 g. The results of the three analyses (NL-DYAS,
Cyclic1D, SHAKE) are portrayed in terms of: (a) the acceleration
time histories at the ground surface (Fig. 6), (b) the corresponding
acceleration response spectra (Fig. 7), (c) the distributions with
depth of the peak values of acceleration, displacement, shear
strain, and shear stress (Fig. 8), and (d) the stress–strain hyster-
esis loops of the two nonlinear models at a depth of 0.5 m (Fig. 9).
The following conclusions can be drawn:
1.
Fig
reco

Table 4
Properties of Nevada sand used in centrifuge experiments

at UC Davis (after [22]).

Parameter Value
All three codes (and corresponding soil models) predict an
amplification of the main long-period pulses of the excitation
(occurring from about 4 to 5.5 s). The main difference is that
whereas SHAKE gives an amplification by a factor of 2, NL-
DYAS and Cyclic1D result in a nearly identical amplification by
a factor of about 1.7.
2.

Soil type Nevada sand

Specific gravity (Mg/m3) 2.67
The short-period oscillatory motion (occurring from about 7 to
9 s) is amplified by different factors, as follows:
Mean grain size, D50 (mm) 0.17
�
 Cyclic1D: 2.23

Coefficient of uniformity, Cu 1.64
�
 NL-DYAS: 1.92

Maximum dry unit weight (kN/m3) 16.9
�
3

SHAKE: 1.35
Minimum dry unit weight (kN/m ) 13.9

Maximum void ratio 0.887

3.
Minimum void ratio 0.511
The above two conclusions indicate a fairly similar response of
Cyclic1D and NL-DYAS. On the other hand, SHAKE slightly
exaggerates the long-period pulses, while it depresses the
amax [g] umax [cm]
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. 12. Distributions of peak values of acceleration, shear strain, and shear stress compu

rd down-scaled to abase¼0.2 g.
high-frequency components — a performance within expecta-
tions, as such ‘‘depression’’ of high frequencies has been
already noted in the literature (e.g., [8,3,49,39]). The response
acceleration spectra from the three codes reinforce this con-
clusion: whereas the two inelastic soil models produce almost
identical spectra (except in the period range around 0.1 s), the
equivalent-linear analysis, having filtered-out the short-period
components, underpredicts the spectral values for periods less
than 0.55 s — in fact by a factor of 2 at TE0.4 s.
4.
 The distributions with depth of the peak values of acceleration,
shear stress, and horizontal displacement computed with the
three codes are for all practical purposes identical (SHAKE does
not produce output displacements). Peak shear strain is an
exception: the two inelastic codes compute a fairly uniform
distribution versus depth, at least for z45 m, compared to an
almost linear increase predicted with an equivalent linear
analysis.
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ted with the three numerical methods. Soft clay; shaking with Kobe JMA 090
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5.
Fig
acc
The similarity between the t–g diagrams of Cyclic1D and NL-
DYAS analyses is evident. We note the slightly broader
Cyclic1D hysteresis loop during the largest cycle. Contrasting
with similar comparisons in the literature between t–g curves
computed with various methods or determined experimen-
tally, the agreement is judged quite satisfactory.
6.
 Given the sufficiently–inelastic response (gE2�10�3) of this
strongly inhomogeneous soil profile (modulus nearly vanishing
at the ground surface — fortunately not exactly thanks only to
the unavoidable discretization in all analyses) the performance
of the equivalent linear approximation is, in the authors’
opinion, acceptable from a purely engineering point of view.
It is worth mentioning that an improved equivalent-linear
method that avoids the overdamping of high frequencies has
been developed by Assimaki et al. [4] and Assimaki and
Kausel [3]. Such overdamping stems from the facts that
damping is a function of strain amplitude and that high
frequencies are usually associated with small amplitudes of
motion; thus, these components experience substantially less
damping than the dominant frequencies and are artificially
suppressed when hysteretic damping is taken as constant.
And, of course, the discrepancies of the two inelastic methods
are hardly noticeable to warrant a further discussion.
Vs [m/s
0

N

z [m]

1
5.60

0

1
-1 0.

0
0.43

a 1
-1 0.54

a 
[g

]

0
0.37

1
-1 0.52

0
0.50

-1 0.83

1
0

0.36

1
-1 0.31

0
0.38

1
-1 0.50

a 
[g

]

0
0.33

1
-1 0.40

0
0.27

-1 0.41

1
0

0.29

a 
[g

]

-1
0

0.43

t [sec]
0.5 1 1.5 2

0.36

37

. 13. Comparison of calculated and recorded acceleration time histories for DKS

eleration 10 g; shaking with Santa Cruz record, Loma Prieta 1989).
4.2. Second example: Soft and deep clay deposit

The soft clay deposit is excited at the base also by the JMA
record but now down-scaled to a peak acceleration of 0.20 g. The
results of the analyses are portrayed in Figs. 10–12 in the form of
acceleration histories, response spectra, and distributions of peak
values of response quantities with depth. The following remarks
are worth making:
1.
]

evad

16

02
The two inelastic models show a clear deamplification of both
the early long-period and the delayed short-period acceleration
pulses (peak amplitudes reaching only about one-half of the
corresponding peaks of the base acceleration). The equivalent-
linear model predicts almost the same peak acceleration values
as the base motion. These results are not surprising: 30 m of an
Su¼20 kPa and VS,0¼100 m/s clay constitutes a very flexible
homogeneous layer (initial elastic period T1E1.2 s, increasing
to nearly 2 s during shaking). Even an equivalent linear analysis
should not lead to amplification, in view of the dominant
periods of about 0.8 s (early pulses) and about 0.4 s (later
pulses) of the excitation. On top of that, an Su of merely 20 kPa
would severely limit the transmitted acceleration — as it is
observed in the square-like form of the long-period pulses at
a sand
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the ground surface predicted by the two inelastic models.
An equivalent-linear analysis cannot reproduce adequately this
effect of soil plasticity.
2.
 Some of the above differences are reflected in the response
acceleration spectra. Compared to the input spectrum, the
inelastic models (Cyclic1D, NL-DYAS) produce an amplification
by nearly a factor of 2 of the spectral values in the period range
A (roughly between 1.45 and 2.20 s). At shorter periods the
inelastic models lead to substantially smaller spectral values
— by a factor of almost 2 for the peaks at TE0.35 s and
TE0.72 s. The equivalent-linear SHAKE analysis gives a (sur-
face) response spectrum which is very close to the input (base)
spectrum at all periods, except at the period range A (1.45–
2.20 s) where it produces about 3.5 times larger spectral
values, approximately.
3.
 The spectrum of the equivalent-linear analysis exceeds the
two inelastic-analyses spectra throughout the examined per-
iod range. The differences are negligible (or even non-existing)
at very short periods around TE0.30 s, and highest at TE0.72
and TE1.8 s.
4.
 Whereas the two inelastic analyses give practically the same
distributions of peak stresses, accelerations, strains, and rela-
tive displacements, equivalent-linear analysis overpredicts
them by a factor of nearly 2 in the crucial upper 5 or 10 m
from the surface.
5.
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for DKS02 experiment (Originally suggested velocity profile: Vs¼165 z0.25;

centrifuge acceleration 10 g; shaking with Santa Cruz record, Loma Prieta

1989).
The two inelastic models, encoded in Cyclic1D and NL-DYAS,
give practically identical results for this particular soil profile.

5. Validation against centrifuge model tests

During the last decades centrifuge soil testing has been proven
to be an insightful method for understanding mechanisms gov-
erning dynamic soil performance and a valuable tool for calibrat-
ing theoretical models. Of course, in the limited soil domain
tested in the centrifuge it is likely that 2-D wave propagation
effects might develop and perturb the 1-D wave free field.
To diminish such effects laminar soil containers are utilized, the
vertical walls of which deform in horizontal shear, mimicking the
shear wave deformation of the free field soil. Centrifuge testing
remains the most accurate experimental method for soil systems,
especially suited for research. One of its limitations, however, is
the difficulty in determining (in-flight, of course) the precise
stiffness and strength of soil versus depth.

Stevens et al. [43] reported on a series of tests in the 9-m
radius centrifuge of the University of California at Davis investi-
gating the nonlinear response of soil deposits to earthquake
ground shaking.

Their DKS02 experiment offered a comprehensive investiga-
tion of nonlinear site response. A soil deposit consisting of a 0.6-m
thick layer of dry Nevada sand (properties summarized at Table 4)
with a relative density of about 100% and a unit weight of
16.8 kN/m3 was installed in a laminar container and tested in
the centrifuge with parametrically varying (radial) acceleration,
10, 20, and 40 g, thus simulating three deposits of thickness:
5.6 m, 11.2 m, and 22.4 m, respectively. Measuring the time delay
in the arrival of traveling shear waves caused by an air-hammer
shock at the base of the deposit, the small-strain shear wave
velocity Vs was estimated by Stevens et al. [44] to vary with depth
z according to:

Vs � 165 z0:25 ½m=s;m� ð4Þ

Shaking was applied parallel to the long sides of the model
container. A total of 98 shaking events were applied to the
model, including various frequency sweeps and scaled versions
of the Santa Cruz ground motion recorded in the 1989 Loma
Prieta earthquake. Their results for the case of Santa Cruz
excitation (peak acceleration at base 0.40 g) are utilized herein
to check the reliability of the developed constitutive model.
Instrumentation included longitudinal, transverse, and vertical
accelerometer arrays, as well as horizontal and vertical displace-
ment transducers.

This experiment (DKS02) was selected because: (a) it is well
documented with data publicly available, and (b) it involves deposits
of the same material but of different thickness — hence, giving the
opportunity to test the models against different cases.

The ground response recorded in the central vertical array
during the tests with centrifugal accelerations of 10 g and
20 g, seismically excited at the base by the Santa Cruz record,
is compared to the NL-DYAS results, as well as the results
of Cyclic1D (inelastic model) and SHAKE (equivalent-linear
model).

To simulate the Nevada sand layer using NL-DYAS, the soil
deposit is discretized into 17 layers. The Vs profile is given by
Eq. (4) and the dynamic properties of sand are simulated accord-
ing to Ishibashi and Zhang [23] curves for PI¼0. Hence, the model
parameters of Table 1 are used in the analysis. The centrifuge
recorded base motion serves as (the common) base excitation, of
all types of analyses.

5.1. Comparisons for the shallowest deposit (H¼5.6 m)

The results are displayed in Fig. 13 (acceleration time his-
tories) and Fig. 14 (corresponding response spectra). Evidently,
the performance of the models is not particularly satisfactory. The
peaks of the inelastic (NL-DYAS and Cyclic1D) accelerograms
exceed those of the recorded motions near the ground surface:
0.54 g and 0.52 g, respectively (versus 0.37 g), for the first
sequence of strong pulses. For the second sequence of strong
pulses the discrepancies are smaller: 0.43 g and 0.37 g (versus

0.36 g). Discrepancies in the frequency content between the
theoretical time histories and the records are also noticeable,
especially in the time window between tE1.7 s and tE2.6 s,
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where the centrifuge motions exhibit longer-period oscillations.
Similar discrepancies in frequency content are conspicuous in the
motions at the depth of z¼1.36 m: the record displays substan-
tially longer oscillation periods than the analyses.

Interestingly, the equivalent-linear (SHAKE) analysis leads to a
near-surface accelerograms that exhibit nearly the same fre-
quency content with the inelastic motions — thereby also in
disparity with the content of the centrifuge record. The highest
values of the peaks (0.83 and 0.50 g) are higher than those of all
NL-DYAS, Cyclic1D and the record. But notice that especially the
0.83 g is nearly a solitary peak, with small perhaps influence on
the response spectral values, beyond of course, the TE0 region.

Overall, the agreement between analyses and experiment
cannot be judged as satisfactory, at least for such a (seemingly)
well controlled experiment.

The near-surface acceleration response spectra portray in a
more conspicuous way the difference noticed in time histories.
One can readily see that the spectrum of the centrifuge record
exceeds by a factor of almost 1.8 the three theoretical spectra in
the period range of 0.12 s to 0.27 s. We can ‘‘read’’ from the
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Fig. 15. Comparison of calculated and recorded acceleration time histories for DKS02

shaking with Santa Cruz record, Loma Prieta 1989).
centrifuge time history that in the time interval tE1.8–2.0 s the
dominant (period) is about 0.16 s — i.e., in the middle of the
above period range. At about the same time interval we can read
from all the theoretical time histories a dominant period of about
0.075 s — no surprise therefore that the three (different in many
respects) theoretical methods give the same sharp peak in Sa only
at about TE0.08 s, whereas the recorded spectrum has a (much
flatter) significant peak at about 0.13 to 0.20 s, in addition to its
peak at about 0.3 s.

One wonders: could the centrifuge results be interpreted
differently? The quality of these results is beyond doubt. But
the measurement of the dynamic shear modulus at various
depths, on which all analyses hinge, are unavoidably imperfect
(indirect in-situ measurements during spinning). Is it perhaps
possible that the soil deposit was less stiff than what has been
estimated by Stevens et al. [44]?

Using the Nevada sand properties and the Arulnathan et al. [2]
measured Vs profile for Dr¼80%, obtained in the same laboratory

at UC Davis, we suspect that the Stevens et al. [44] measure-
ments of Vs may overestimate reality. Indeed, based on the soil
]
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properties of Table 4, the void ratio e of a Nevada sand deposit
with Dr¼80% is

e¼ emax�Drðemax�eminÞ ¼ 0:887�0:8ð0:887�0:511Þ ¼ 0:586 ð5Þ

According to Hardin [18], the maximum shear modulus for
clean sand is expressed as

Gmax ¼
625

0:3þ0:7e2
p0:5

a s0 0:5
m ð6Þ

where pa is the atmospheric pressure and s0m the mean effective
stress. Hence, a Nevada sand deposit of Dr¼100% (and hence
eEemin¼0.511), compared to a Dr¼80% deposit, would have a
zero-strain shear modulus

Gð100Þ
max

Gð80Þ
max

¼
0:3þ0:7e2

80

0:3þ0:7e2
100

¼ 1:15 ð7Þ

and a corresponding shear wave velocity

V ð100Þ
s

V ð80Þ
s

¼

ffiffiffiffiffiffiffiffiffiffiffiffi
Gð100Þ

max

Gð80Þ
max

vuut ¼
ffiffiffiffiffiffiffiffiffiffi
1:15
p

¼ 1:07 ð8Þ

Arulnathan et al. [2] measured the Vs profile of a Dr 80%
Nevada sand layer and fitted the expression

Vs � 120 z0:25 ½m=s;m� ð9Þ

Therefore, a 100% dense Nevada sand layer is more likely to
have a Vs given by

Vs � 1:07 x 120� 130 z0:25½m=s;m� ð10Þ

We would have arrived to the same result if we had used
the Jamiolkowski et al. [25] empirical expression for shear
modulus

Gmax ¼
625

e1:3
p0:5

a s0 0:5
m ð11Þ

and therefore

Gð100Þ
max

Gð80Þ
max

¼
e1:3

80

e1:3
100

� 1:20 ð12Þ

from which

V ð100Þ
s

V ð80Þ
s

¼

ffiffiffiffiffiffiffiffiffiffiffiffi
Gð100Þ

max

Gð80Þ
max

vuut �
ffiffiffiffiffiffiffiffiffiffi
1:20
p

� 1:09 ð13Þ

and finally

Vs � 1:09 x 120� 130 z0:25½m=s;m� ð14Þ

This (practically) coincidence of the above two Vs profiles
strongly supports the claim that Eq. (4) exaggerates Vs, and that
Eq. (14) is a more realistic choice. After re-estimating the soil
stiffness based exclusively on additional experimental data from

the same UC Davis laboratory and well-established empirical
relations from the literature, we hence utilized this variation
with depth instead of Eq. (4). Figs. 15–17 depict the results of the
new analyses for centrifuge acceleration of 10 g (hence,
H¼5.6 m). Now the inelastic acceleration time histories compare
better with the recorded motions both in amplitude and fre-
quency content, at both depths (0.27 and 1.36 m). The equivalent
linear motion still exhibits higher peaks (Fig. 15). In terms of
response spectra (Fig. 16) the two inelastic codes (NL-DYAS and
Cyclic1D) produce spectral values almost identical to the mea-
sured ones for the whole period range.

The equivalent linear method predicts similar frequency con-
tent with the recorded motion, although it overestimates the peak
acceleration values: ground motion PGAE0.85 g instead of 0.40 g,
and spectral Sa,maxE3 g instead of 2.1 g). In Fig. 17, the peak
acceleration, shear strain, and shear stress profiles are presented.
Notice the good accord of the two inelastic codes with the
experimental peak accelerations at six depths. No experimental
measurements of gmax and tmax are available. Again the two
inelastic codes differ in their predicted gmax values at shallow
depths.
5.2. Sensitivity analysis: Influence of Vs profile

It was shown above that a seemingly small variation at the
shear wave velocity profile caused a significantly different
response of the soil deposit. One may wonder: how is it possible
for such a small variation of Vs profile (165 vs. 130 m/s) to result
in so different seismic response? And hence, is the proposed
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revision in Vs the only cause of the discrepancies noticed in
Figs. 13–14?

Certainly there can be many combinations of soil profiles and
seismic excitations that produce similar amplification of the
bedrock motion. Therefore, there are possibly more than one Vs

profiles that could give a satisfactory comparison for the case
examined above. However, the proposed revision of the Vs profile
is believed to be the simplest approximation to reality. Note that
the distribution of velocity with the fourth root of depth is well
established in the literature for sandy soils, and especially for
those created in the controlled conditions of an experiment
[2,9,48,1].

Regarding the first question, we attribute the strong sensitivity of
the response to the highly inhomogeneous nature of the Vs profile.
To support our hypothesis, a simple sensitivity analysis is conducted
to investigate the influence of the variation with depth of the soil
stiffness on the seismic response of the deposit.

The above examined 5.6-m deep sand deposit is excited by the
same motion (Santa Cruz record) and its seismic response is
parametrically investigated against different Vs profiles. The
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previously assumed inhomogeneous profiles (Vs¼165 z0.25 and
Vs¼130 z0.25) are compared to two homogeneous profiles
with the same difference of about 25% (Vs¼165 m/s and
Vs¼130 m/s). Only one set of results (with the equivalent linear
model) are compared herein. Similar comparisons were obtained
with the other two models. In Fig. 18, the response spectra near
the surface (z¼0.27 m) computed for the four different profiles
are presented along with the corresponding spectral ratios (sur-
face Sa/base Sa). From the two figures it is clear that the difference
between the two inhomogeneous profiles is quite significant
compared to that of the constant velocity (homogeneous) profiles.
The spectral ratios of the latter differ mainly in the period of
maximum spectral amplification (0.2 and 0.15 s, approximately)
arising from their different natural periods. For the inhomoge-
neous profiles, the difference is not limited to the (more sub-
stantial now) frequency-shifting but there is a noteworthy
discrepancy in the amplification too: the stiffer profile (Vs¼165
z0.25) amplifies the base motion by about 3.5 times while the
looser profile (Vs¼165 z0.25) produces an amplification of more
than 5.
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The differences between the two types of deposits are
more vividly illustrated in Fig. 19 where the spectral ratios of
the four analyses are plotted versus the period ratio T= ~T ef f , where
~T ef f is the effective natural period of the deposit, accounting for

the level of induced shear strains. Notice the remarkable coin-
cidence of the homogeneous profile amplification functions con-
trary to the substantial difference of the spectral ratios of the
inhomogeneous profiles, almost for all values of the period ratio.

This considerable sensitivity of the response of inhomoge-
neous profiles to variations in the Vs profile arises, to a certain
extend, from the increased significance of the higher eigenmodes
of the soil column which is not the case for the homogeneous
deposits. This observation is well documented in literature
[14,32,1,49].
5.3. Comparisons for the deeper deposit (H¼11.2 m)

The experiment examined above was repeated in the UC Davis
centrifuge facility at a centrifuge acceleration of 20 g, with the
same acceleration level at the base: PGA¼0.44 g.

The results of the three methods are compared with the
records in Figs. 20–22. In our analysis, we keep using the revised
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Fig. 21. Comparison of calculated and recorded acceleration response spectra for

DKS02 experiment (Revised velocity profile: Vs¼130 z0.25; centrifuge acceleration

20 g; shaking with Santa Cruz record, Loma Prieta 1989).
Vs profile of Eq. (14). The following are some noteworthy
observations:
1.
 All three numerical models produce acceleration histories
(near the ground surface and at a depth of 2.72 m) with peaks
that are in satisfactory accord with those of the actual motions.
In closer look, the two inelastic models give peaks that slightly
underpredict the first peaks (0.44–0.49 g versus 0.59 g) but
overpredict the second peaks (0.40–0.48 g versus 0.34 g); the
equivalent linear (SHAKE) model results in slightly higher (by
up to 20%) peaks.
2.
 The frequency content of the recorded motions is satisfactorily
reproduced with all the three models. SHAKE appears to have
spuriously filtered out some of the higher frequencies and
especially those of the motion at 2.72 m depth. These observa-
tions from the time histories are mirrored in the response
spectra of Fig. 21. The inelastic analysis spectra essentially
coincide with those ‘‘recorded’’ in the centrifuge, at both
locations (z¼0.56 m and 2.72 m). The equivalent linear spectra
overestimate the long-period peak by a factor of nearly 1.4 at
the surface and 1.5 at greater depth, while underestimating
the short-period peaks, as expected.
3.
 The distribution of peak ground accelerations with depth
reveals a quite acceptable match among centrifuge records
and analyses, especially at depths greater than 2 m. Close to
the surface, SHAKE slightly overpredicts the ground surface
peak value (0.70 g compared to 0.59 g) while the two inelastic
codes underestimate the acceleration value by almost the
same level (0.49 and 0.44 g vs. 0.59 g).
4.
 Regrettably, an unexpected difference prevailed over our
efforts to interpret it: the peak shear strains of the two
inelastic models differ appreciably at depth less than 3 m.

5.4. Comparisons for an extremely severe scenario

In order to investigate the validity of the proposed model and
highlight the difference between the nonlinear methods and the
equivalent linear one in extreme cases, we repeat the previous
analysis applying however a greater acceleration at the bedrock.
The 11.2-m deep profile with the revised Vs (Vs¼130 z0.25) is
excited by the same Santa Cruz record (Loma Prieta 1989 earth-
quake) scaled up to a peak acceleration of 0.61 g.

The results of the three methods are being compared to each
other in Figs. 23–25. The acceleration time histories (Fig. 23)
reveal that the inelastic methods (NL-DYAS and Cyclic1D) slightly
deamplify the ground motion in the early stages of shaking,
apparently as a result of the strong soil nonlinearity developing
with the increased base excitation. On the contrary, SHAKE
predicts a significant amplification (nearly 1.5 times) of the
shaking close to the surface. However, the higher-period peaks
at the later stage are amplified by all three methods (more so with
SHAKE).

In terms of frequency content there is no substantial difference
among the three models. This is reflected in their response
spectra (Fig. 24). The two nonlinear models produce practically
the same results with a rather minor dissimilarity in the high-
frequency range: NL-DYAS predicts somehow greater response
than both SHAKE and Cyclic1D at periods lower than 0.12 s.
SHAKE results in higher amplification at the fundamental reso-
nance (TE0.3 s). In Fig. 25, the profiles of peak acceleration, shear
strain, and shear stress are presented. Notice the good accord of
the two inelastic codes in the acceleration maxima distribution
and the amplification predicted by SHAKE. Again the two inelastic
codes differ in their predicted pattern of gmax distribution at
shallow depths.
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6. Conclusions

The proposed nonlinear hysteretic model NL-DYAS was
calibrated in this paper against three widely used sets of G: g
and x: g curves from the literature and a library of model
parameter values was assembled so that the user can utilize the
new model to analyze 1-D seismic soil response problems. The
model was validated against other numerical methods and more
significantly against centrifuge experiments. A conclusion of
this effort is that the inelastic methods of NL-DYAS (which had
been introduced in detail in an earlier publication [[15]) and
Cyclic1D (which has been developed by [12] and [13]) proved
capable of predicting with sufficient accuracy the soil response
to seismic shaking under several different (and difficult)
circumstances.

As described in the centrifuge test analysis, the accuracy of the
prediction is sometimes compromised by the unavoidable uncer-
tainty in soil properties. Hence, proper geotechnical investigation
is needed for a realistic ground response analysis. Even the most
sophisticated constitutive model would prove inadequate unless
soil properties are known reliably.

The equivalent-linear approximation of SHAKE, universally
used in practice, produced realistic results, even if somewhat
conservative over the results of the truly nonlinear methods and
the centrifuge tests. The only (small) exception is at very low
periods, where SHAKE underpredicts the motion — an effect of
high-frequency overdamping that has been known for quite some
time [8,53]. The practical significance of such underprediction is
likely to be minor at least for inelastic structures. Overall,
in view of the rather extreme soil profiles utilized in this paper
(modulus tending to zero at the surface or quite soft clay), the
authors conclude that the use of SHAKE in practice is quite
justified — especially in view of the ever-present uncertainty on
the soil stiffness, and the need for some conservatismin our
predictions.
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